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Abstract

Given a two-loop g function for multiple marginal coupling constants, we derive
an asymptotic formula for the running coupling constants driven to an infrared
fixed point. It can play an important role in universal loglog corrections to
physical quantities.

PACS numbers: 05.10.Cc, 64.60.Ak, 64.60.Fr

1. Introduction

Log and loglog corrections to physical quantities in critical phenomena generally appear in
a statistical system at the critical dimension. In the language of renormalization group (RG)
[1], those corrections arise from marginally irrelevant coupling constants in the system. As
the length scale we are looking at becomes larger, the coupling constants effectively change,
obeying an RG equation (RGE), and approach an infrared fixed point if initial values of the
trajectories are on the critical surface. Universality (i.e., a property independent of the initial
values) of the logarithmic corrections is closely related to the long-distance behaviour of the
running coupling constants.

Generally, the log and loglog corrections are obtained respectively from the leading and
the next-to-leading order of the 8 function specifying the RGE. In order to see this, it is in-
structive to consider the case of a single coupling constant. When the origin is an infrared fixed
point, an RGE of a marginal coupling constant g up to the next-to-leading order is generally
described as
d_g = —ag2 + bg3, a>0, €))
dr
where ¢ is related to a length scale L of RG transformation (RGT) by r=1n L. Here we
consider the weak-coupling region between the two fixed points, 0 < g <a/b. It is readily
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integrated and the solution g(#) satisfies
1 b a -1
t+C=———-In t(—— t) 2
at + 20 a [g() , 80 } (@)
in this region. The constant C is determined from an initial condition. When ¢ — oo, g() has

the following asymptotic form:

bint

g HOU™), 3)

1
80 = —+
at

which implies that the first term contributes to a In L correction, while the second term to a
Inln L correction. A key feature is that the coefficients of 1/¢ and In#/¢* are independent of
C, which leads to universal logarithmic corrections.

Although we can integrate RGE explicitly in the case of a single coupling constant, we
cannot generally perform the same procedure in the case of multiple coupling constants.
Therefore, it is worthwhile to determine an asymptotic form analogous to (3) in the case
of multiple marginal coupling constants, which is the main subject of this paper.

One cannot linearize RGE about a fixed point in the case of marginal coupling constants,
which complicates the problem of finding an asymptotic form without explicit integration. An
algebraic method was found in [2, 3], where the 8 function is restricted to the lowest order.
Since the lowest-order 8 function for marginal coupling constants is homogeneous, the RGE is
invariant under a scaling transformation [2]. One can define another RGT to the RGE, thanks
to the scale invariance'. The new RGE generally has a linear term, which allows us to obtain
the asymptotic form without explicit integration.

However, we cannot apply the above method when higher orders of the 8 function are
taken into account because there are no such scale invariances. Hence we need to find an
alternative method to remedy the problem for linear terms to vanish.

In the next section, we present a change of variables in the RGE that allows us to apply
the linearization. In section 3, we switch from the resultant RGE to an equivalent integral
equation, and outline the existence of a unique solution driven to the fixed point. We also
give an estimation of the solution. Details of the proof are found in appendix A. In section
4, using the estimation found in the preceding section, we show a sufficient condition for
loglog corrections to be universal. A universal asymptotic formula for the solution in the
long-distance limit is also derived under the sufficient condition. In section 5, applying our
result, we rederive the universal asymptotic formula for the running coupling constants in the
classical XY model, as an example. The result is consistent with the original paper of Amit
etal [6]. The final section is devoted to summary and discussion.

2. Changing variables of RGE

We consider an RGE for marginal coupling constants denoted by g(¢) = (g1(®), ..., g.(¢)). We
regard the space of the coupling constants as the n-dimensional Euclidean space R". Suppose
that we have obtained the RGE up to the next-to-leading order, which is to say we start with
the following RGE

d
% = V(g) + F(g(®). )

A general idea of RG, applied as a tool for asymptotic analysis of non-linear differential equations, is developed
in [4, 5].
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The leading and the subleading terms of the 8 function are described by V and F, respectively.
It is assumed that they possess the following scaling property:

V(kg) = kK*V(g), F(kg) =K'F(g). o)

In general, V and F are obtained as quadratic and cubic polynomials in the coupling constants,
respectively. The g function is defined on the whole space R" in this case. However, in some
cases, the B function is obtained in a rational form (e.g., see [7]). For this reason, it is suitable
to assume that V and F are defined on some region E in R".?

It is a general feature of an RGE of marginal coupling constants that there are no linear
terms, which causes difficulty in deriving an asymptotic formula. We introduce new variables
to bypass this problem. First we replace 7 by

1
u = —log(et + 1), (6)
€
where € is a parameter with
0<e<l. (7

As we will see later, € is introduced to control an effect of the subleading term F. Next we
change g to ¢, where

g =e “e(u). 3)
The left-hand side of (4) becomes

dg(t) _ . —€u i —eu A 2eu [ _ dC(I/l)

o =% (e “c(u)) =e < ec(u) + ™ > , ©)

while the right-hand side is
V(e c) 4+ F(e™“c) = e >“V(c) + e >“F(c) (10)
because of the scaling property (5). In this way, the RGE (4) is written as®

de(u)
du

Now we extract the linear part from the first two terms. We assume that a non-trivial
solution ¢* € E for

=ec(u) + V(c(u)) + e ““F(c(n)). (11)

ec*+V(c)=0 (12)
exists. Note that ¢* is linear in €. In fact, let us introduce a* by

¢t = ea”. (13)
Because of the scaling property (5), a* is determined by

a+Va)=0. (14)
2 More precisely, E is an open subset of R" whose closure contains the origin. We also assume that V and F belong
to C2(E), i.e., their second derivatives exist and are continuous on E.
3 We comment that this transformation is generalized in the case where a 8 function starts with an mth homogeneous

function (m > 2). In fact, if we define u and ¢(u) by (m — 1)eu = In(et + 1) and g(r) = e~ “¢c(u), respectively, we
get a similar equation having a linear term.
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Hence a* is independent of € and (13) indicates that ¢* approaches the origin as € becomes
smaller. Therefore, an effect of the subleading term F' in a neighbourhood of ¢* is suppressed
if we take € sufficiently small. It plays an important role in showing the existence of a solution
for (18) by a contraction map, as we will see in appendix A.

We analyse (11) in a neighbourhood of ¢*. Define

b(uw) =c(u) —c* (15)
and write

Vic()) = V(c*) + DV(c)b(u) + v(b(u)), (16)
where DV (c*) is the derivative of V at ¢*, which is represented by the n x n matrix as

DV(c");; = %(6*). a7
The RGE (11) is written as

d’;(u”) = Mb(u) + H(u, b)), (18)
where

M = el, + DV(c"), H(u,b(u)) = v(b(u)) +e “F(c* + b)) (19)

with 1, being the n x n unit matrix. Furthermore, (5) yields*

DV(c*) = eDV(a"). (20)
Therefore, M is linear in €

M = €(l, + DV(a")). (21)

To sum up, if we know a solution b(u) for (18), we get a solution for (4) by

gt =e (" + b)), U= éln(et + 1). (22)

3. Integral equation

In this section, following [8] (section 2.7), we derive an integral equation satisfied by a solution
b(u) for (18) driven to 0.

We assume that there are no eigenvalues with zero real part in M. Suppose that M has k
eigenvalues having a negative real part, and n — k eigenvalues with positive real part. If the
positive eigenmodes are fine-tuned to vanish, |b(u)| becomes smaller as u — oco. We find from
(22) that the corresponding g(f) approaches the origin from the ¢*-direction. In order to show
the existence of such solutions, we decompose M into a block diagonal form. Namely,

-1 _ eP O .
R MR_(O €Q>:eA, (23)

4 To prove (20), we use (5) again.
V(c* +h) = V(c*) + DV(c*)h + o(|h)),
while the left-hand side is
V(c* +h) = V(" + h/e) = V(a*) + eDV(a*)h + o(|h]).

Comparing the linear term in £, we have (20).
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where € P is a k X k matrix whose eigenvalues have a negative real part. Similarly, €Q is an
(n — k) x (n — k) matrix, where its eigenvalues have a positive real part. Note that P, Q and
A are independent of € because M is linear in €. Define the tilde operation

¥=Rx, X=R'0XoR (24)

forapointx € Eandamap X : E— R", e.g., F(¢) = R"'F(R¢) = R"'F(c). The RGE
(18) can be written as

d’(’l (u”) — eAb(u) + Hu,bw)). (25)
Let

U _ ePeu 0 T _ 0 0 26

w=\4 o) W=\, Loa)- (26)
Then

dUu dT

— =eAU®), — =€eAT(u) (27

du du
and

eM = Uu) + T(u). (28)

We focus on a solution that behaves as b(u) — 0 as u— oo. The integral equation
corresponding to it is

u [e.¢]
b(u) = Uu)p + / du' U — uYH@W', b(u')) — f du' T — uYH(W', b)), (29)
0 u
where p = (p1,..., Pk, 0, ..., 0) specifies an initial condition in the following way:
b(0); = p; fori=1,...,k

. 00 .. (30
b(0); = — (/ du’T(—u/)H(u’,b(u/))) fori=k+1,...,n.
0

1

We can show that (29) has a unique solution if € and p are sufficiently small. Moreover,
we find that the solution satisfies

|b(u)| < Je™* (1)

for some J > 0. Here « is a positive number, such that —« is strictly greater than the real part
of every eigenvalue of P. In order to prove (31), we need to extend the usual proof of the stable
manifold theorem (see [8]), which is applied to the case of an autonomous system, to the case
of the nonautonomous system (18). Details of a proof of (31) are found in appendix A.

4. Universal asymptotic form of I;(u)

In this section, we derive a universal asymptotic form of b(u) by applying (31) to the right-hand
side in (29). (Here, ‘universal’ means that the asymptotic form is independent of p.)

For this purpose, we give a more concrete form of P. Let A; (I = 1,...,n_) be the
distinct eigenvalues of P with the multiplicity d;. We denote by W, the generalized eigenspace
associated with A;. Clearly, dim W, = d;. Taking an appropriate basis for R", P is represented
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as a block diagonal form. Here, the /th block P; is a d; x d; upper triangle matrix whose
diagonal components take a common value A;. Furthermore, the basis allows us to assume that
N; = P, — M1 is a nilpotent matrix, namely Nv-l # 0, N =0 forsome 1 < v, < d;. An
arbitrary element x € R" can be decomposed as

n_

x=Y x04x®, x? e w, (32)

where x*) is an element of the subspace spanned by the positive eigenmodes of M. Applying
U(u) to both sides, we have

k a7k
Uu)x = Z i Z (6”) M o, (33)

with the convention Nlo = I, even if N, is the zero matrix.
We can show that’

Mc* = —ec®, (34)
which implies Pc* = —c*. Then we set
A =—1. (35)

Using (33) and (35), we can estimate the right-hand side of (29). The first term is
written as
Uwp=> G\ (e, (36)
I=1

where Ggl) (u) is a polynomial of degree at most v; — 1. Since (36) explicitly depends on p,
it is non-universal.

In order to obtain a universal asymptotic form, universal terms should dominate over (36)
when u — oo. Let us find a condition that such terms appear from the remaining part. The
integral containing U in (29) is divided as

/ uU(u —uYe ' F(é") du’ + / uU(u —uYHW b)) — e F(&")) du'. (37)
0 0

Applying (33) to F(¢*), the first integral is easily calculated. It is important to notice that the
case of [ = 1 has to be treated separately, because the factor exp(—eA u’) in U(u — u’) cancels
exp(—eu’) in the integrand. When /! = 1 and k = v; — 1 in (33), the cancellation brings a
term proportional to u"' exp(—eu), which is not contained in Ggl)(u). Writing this explicitly,
the integral is expressed as

NPTTFO @) +) e GY (). (38)

=1

/ U — ye F@ydu = &0
0 evy!
5 In order to prove (34), note that

V(c* + he*) = V(c*) + DV(c*)hc* + o(|h]).
On the other hand, the left-hand side is equal to

(1 +h)*V(e*) = —e(l + h)*¢*
because of (5) and (12). Comparing the linear term in z,we get (34).
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Here, it is straightforward to check that Gg ) (u) is a polynomial whose degree is at most v; — 1,
the same order as (36), so that its universal behaviour is obscured by the non-universal nature
of U(u) p. On the other hand, the first term can dominate over (36) in the case when

Ry < —1 (I=2,....,n). (39)

Moreover, as we see in appendix B, this term is most dominant in the right-hand side of (29)
when (39) holds. Thus, we obtain

(eu)‘” e €

b(u) = NPTUED @) + 0@ e, (40)

Let us revert to the original variables by (22). We get, under the condition (39),

) 1 (L. Ednte+ )"y a (n(et + 1)~
)= —— = N ED g of—]> 7
80 =7y (Ea T @ oy @)+ (e + 1)
ca (™ s (Inp¥—!

as t — oo. This is the main result of this paper. It is worthwhile noting that the (In#)"' term
appears, which brings about a (Inln L)™' correction in general.

The case of dim W = 1. The simplest case is that dim W; = 1. In this case, using the unit
eigenvector ¢* = a*/|a”| in Wy,

FV@) = (F@),eHe’,  N=0, v=L (42)

Then the result (41) is simplified to
=% + 2L (F@,eRe +0 - 43)
= — —_— a ), e e - .

& t 2 2
Note that we have removed ‘tilde’ from g and a* by applying R. Now let us write R as a set
of column vectors

R = (vy,...,0,). (44)
Similarly, we write R~! in terms of a set of row vectors

u

1 w2
R =| 1. (45)

u,
Since R~!'R = I,,, we have
(vi,uj) = 6. (46)

We know that a* is an eigenvector with the eigenvalue —1, so we can take v; = a*. In this
case,

&* = R_la* = =é* (47)
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Therefore
(F(@),é&") = Fi @), (48)

where the right-hand side is the first component of F(a*). Using this convention, the asymptotic
behaviour (43) is simplified further to

0=" 4+ 1o (49)
= — —_— a)a —-= .
& t 2! 2

5. Application to the two-dimensional XY model

In this section, we illustrate our method using the two-dimensional classical XY model [9].
The beta function up to subleading order of this model and the two-point correlation function
containing loglog correction are originally derived by Amit et al [6]. They obtained the
asymptotic form of the coupling constants by explicitly integrating the RGE. Here, we rederive
the asymptotic form within our formulation.

The two-dimensional classical XY model has the following RGE [6, 10]:

der _ dg>

2 2 3
—_—o2_ R , o — _ —Aig;, 50
i & — Bigr8: i 8182 — A1&; (50)

where g, > 0 and 2A| + By = 3/2. Thus
2 2
—& —-Bigrg1

\ 4 = s F = . 51
(g (—g1gz) () < —Ag > (51)

Solving (14), we get a non-trivial solution

* = ! 52
a—(1>. (52)

Inserting this into (21), one finds

1 =2
M:(_1 O)e. (53)

The eigenvalues and corresponding eigenvectors of M are

1 -2
-1 < (1) and 2 < ( 1 ) 54)

Namely, the space of negative eigenmodes of M is one-dimensional. It indicates that the
critical surface along a* is in fact a line. The transformation matrix R and the diagonalized
matrix A are obtained from the eigenvectors and the eigenvalues, respectively. The result is

1 =2 -1 0
(D) as(0) "

The condition (39) is satisfied and dim W; = 1 in this example. Furthermore, since we chose
a* as the first column in R, (49) is applicable. Using R, we compute

. 1 (24, + B
F@)=R"'F@) = -3 < AlljBl‘) . (56)
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From the first component of the above result, we conclude that

logr 1 a*  llogt 1
(2A1+Bl)t_2a +O(t_2) ZT—Et—za +O<t_2) (57)

(t)_a* 1
g0 =773

for the critical line. This is consistent with the original result.

6. Summary and discussion

We have obtained an asymptotic formula for multiple marginally irrelevant coupling constants
in the case where the two-loop beta functions are known. We first change the variables in the
given RGE as (6) and (8). One can extract a linear part M defined in (19) from the resulting
differential equation if there is a real solution ¢* for (12), although the original RGE cannot be
linearized. It is assumed that there are no eigenvalues of M with zero real part in the present
investigation.

Next we have shown that, if we take € in (8) to be sufficiently small, there is a k dimensional
neighbourhood N of ¢* such that trajectories of the RGE starting in N approach the origin
along ¢*, where k is the number of eigenvalues of M with a negative real part. Furthermore,
if the eigenvalues of M with a negative real part satisfy the condition (39), the asymptotic
formula of g(f) becomes universal and is given by (41).

As we have concretely shown by using the two-dimensional classical XY model, the
advantage of this formula is that we do not need to integrate the RGE explicitly.

The non-linearity having the original RGE is changed into solving (12) in our formalism.
All quantities appearing in (41) can be computed using simple linear algebra. Thus, our
approach can be applicable even though the RGE is too complicated to integrate. Application
to such a complicated RGE is a future problem.

Finally, we comment on our previous investigation on this topic. As we mentioned briefly
in section 1, another RGE is derived with respect to the scaling invariance possessed by the
leading-order RGE in [2], where the asymptotic formula in the lowest order is obtained. It is
consistent with the present work. The relationship between the linear part of the new RGE and
M in (19) is clarified in [3]. However, a direct relationship between M and the original RGE
was not clear. In this paper, it is found that M naturally comes out in the RGE by the change
of variables, which makes it possible to derive the asymptotic formula for a 8 function up to
the subleading order. The previous formulation can also be applied to deriving the correlation-
length exponent of phase transitions in infinite order, which will be extended to the case of the
higher-order $ function.
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Appendix A. Existence of the solution for (29)

The purpose of this appendix is to show the existence of a unique solution for the integral
equation (29) and derive the estimation (31). To this end, we need estimations of H ,Uand T.
Throughout this appendix, we omit ‘tilde’ for brevity (e.g., we write b or H instead of bor H,
respectively).
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Appendix A.1. Lipschitz-type condition for v and f

We first derive a Lipschitz-type condition for v and f defined through the following equation:

V(c* +b) = V(c*) + DV(c*)b + v(b), (A1)
F(c* + b) = F(a*) + DF(a*)b+ f(b), (A2)

which is employed for the estimation of H. Let

N, ={b; b € R",|b| < n}. (A3)

First we prove that, for any &, &, > 0, there exists a number n > 0 such that

[v(b1) — v(b2)| < &i€lby — by, (A4

| f(B1) — f(b2)] < &2¢]by — by (A.5)
forby,by € Ny and 0 < € < 1.
Proof. We define v by the following equation:

V(a* +b) = V(a*) + DV(a*)b' + vo(b). (A.6)
For b}, b}, let s = b, — b} and define

Y (6) = vo(b| + 05). (A7)
Note that Y (0) = v (b’l) and Y (1) = vy (b’z). Taking the derivative with respect to 6, we have

dY @
% = Dvy(b| + 0s)s. (A.8)

Integrating from O to 1, we get

1
[vo(B}) — vo(b3)| = Y (1) — Y(0)| < / do| Dvo(by + 0s)]ls]. (A.9)
0

Since Duvj is continuous and Dvy(0) = 0, for every &; > O there exists a number 1 > 0 such
that x € N, implies | Dvy(x)| < &;. For b}, b, € N,, since b} + s € Ny, (A.9) leads to

[vo(B)) — vo(B))| < &11b) — byl (A.10)

Next we consider estimation in a neighbourhood of ¢*. Putting b = €b’ and using the
scaling property of V, we have

V(c* +b) = *V(a* +b) = (V(a*) + DV(a")b + vy(b)). (A.11)
Comparing (A.1) and (A.11), we have

v(eb') = 2vy(b), (A.12)
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which leads to
[o(b1) — v(by)| = €|vo(B)) — vo(b))| < €&1b} — b)| = €&1|by — b, (A.13)
for by, b, € N,. Repeating a similar argument for f, we get

|f(b1) — f(B2)] < €&by — by, (A.14)
which implies (A.5) because 0 < € < 1.

Appendix A.2. Lipschitz-type condition for H (u, b)

Using (A.4) and (A.5), we readily obtain a Lipschitz-type condition for H in the following
form: for any & > 0, there exists n > 0 such that

|H(u, b)) — H(u,b)| < (¢ + we)|by — by (A.15)
forall b;,b, € N, and 0 < € < 1. Here,

w = |DF(a")|. (A.16)

Proof. Recall
H(u,b) = v(b) + e ““F(c* + b). (A.17)
Then

|H(u,b)) — H(u,by)| < [v(b)) — v(b2)| + e “|DF(c*)(by — b)| + e | f(b1) — f(b2)]
< o(by) — v(b)| + €wlby — bo| + | £ (b)) — f(bo)], (A.18)

where we have used

|IDF(¢*)| = €*w. (A.19)
Using (A.4) and (A.5) for &, = &, = /2, we get (A.15).
Corollary. If (A.15) holds, then

|H(u,b))| < (6 + €w)|bi| +e " |F(a")], (A.20)
where 0 < a < 1.
Proof. Setting b, = 0 in (A.15), we immediately get

|H(u, b)) — e~ F(c")| < (5 + €w)|bi, (A2l)

which implies (A.20).
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Appendix A.3. Estimation of U and T

Following [8] (section 2.7), we derive that there are positive constants «, o and K, such that

IT(u)| < Keo (for u < 0)

0
(A.22)
0

|U(u)| < Ke~@toeu (foru > 0),

where 0 < o < 1.

Proof. Let 1 (j = 1,...,ny) be distinct eigenvalues of Q. Here Jiu; > 0 for all j. We can
choose a sufficiently small o and sufficiently a large K such that

NRpj>o0>0 forall j=1,...,n4,
(A.23)
|T(u)| < Ke®* forall u < 0.

Similarly, letA; (! = 1,...,n_) bedistinct eigenvalues of P. We take positive o’ satisfying
R < —o <0 (A.24)

foralll =1,...,n_. Then there exists a K’ > 0 such that
|U(u)| < K'e=@ (A.25)

for all u > 0. It should be noted that o’ < 1 because of (35). Furthermore, if we choose o so
small that

Ry < —o < —0 <0, (A.26)
then we can write
o =a+o (A.27)

using some 0 < o < 1. Combining (A.23) and (A.25), we obtain (A.22).

Appendix A.4. Existence of a solution

We define the space C of continuous mappings on [0, co] into R" in the following way:
C ={b; |bu)| <ene ", u > 0}. (A.28)
Define the metric on C by

p(b1,by) = sup |(by(u) — by(u))e™|, (A.29)

u=0

for b,b, € C. Note thatif b € C, b(u) € N, for all u > 0. Then according to (A.15), for
& > 0, there exists n > 0 such that

|H(u, by () — H(u,by())| < (&€ + we*)|by (u) — by(u)| < (€€ + we) p(by, by)e *
(A.30)
holds for by, b, € C,u > 0.
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Next we introduce the following mapping v on C:

b)) = Uu)p + [” dv' U(u —uYH @', b(u")) — /00 du' T(u —uYH@',b(u')).
0

u

(A31)

We have

1Y (1) () — Y(b2) (u)| < K (€€ + ew”) p(by, by)
u 00
X (/ e—(oz+o)e(u—u/)e—aeu’du/ +/ ea(u—u/)ee—aeu’du) ., (A32)
0 u

according to (A.22) and (A.30). Here, the first integration is evaluated as

u , , 1 —aeu
/ ef(otJra)e(ufu )efoteu du’ = _(efaeu _ ef(aJro*)eu) < € (A.33)
0 o€ o€
The second integration is
o , , 1 el
/ golumiegmoan qy! — —__eToe ¢ . (A.34)
" (¢ +0)e o€
In this way, we obtain
2K
p(Y(b1), Y(b2)) < T(E + ew)p(by, by), (A.35)

for bl, b2 eC.
Now we show that v is a contraction map on C into itself if we choose &, 1, € and p such
that the following inequalities hold:

2
K <|p| + ;ez|F<a*)|) < zen, (A.36)

2K 1
7(5 + ew) < 5. (A.37)

It is easy to see that such a choice is in fact possible®.
When (A.36) and (A.37) hold, we can show that v maps C into itself. Let us recall (A.20).
If b € C, then

|H(u,b(u))| < (en(&e + €2w) + €| F(a*)|)e . (A.38)

6 For example, we first fix £ = &, such that 0 < & < o/(4K), which is realized by an appropriate choice of 1(= 79)
according to (A.15). Next we choose € = ¢ satisfying

. ono 1 /0
€ < min| ————, — (—7&)) .
4K|F(a*)| w \4K
By construction, (e, &) satisfies (A.37). Furthermore, choosing p such that

0= p < 2OF@] (o
4 o aK|F@a) )

we find that (A.36) holds.
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Combining this and the estimations (A.33) and (A.34), (A.31) yields
—(a+o0)eu 2 * 2K —aeu
[YB)w)| < Ke |p| + (en(§ + ew) + €°|F(a )|)7e
2K 2K
< K(|p| + 762|F(a*)|)e_°‘€” + en(€ + ew)?e_“é” < ene % (A.39)

for all u > 0. In the last inequality, we have used (A.36) and (A.37). It shows that ¥/(b) € C.
Furthermore, (A.35) and (A.37) indicate that i is a contraction map.
Thus, existence b € C of the solution

b = y(b) (A.40)

and its uniqueness follow from the fixed point theorem (see the textbook [11], for example).
Since b belongs to C, we find that there is a positive number J such that

b(u)| < Je o (A41)

foru > 0.

Appendix B. Estimation of the remaining terms in (29)

According to (29) and (36)—(38), it is sufficient to show that

/ ' Uw —uY(HW , b)) — e “F(&*))du’
0

< ZGg’)(u)er“, (B.1)
=0

< Be™, (B.2)

/ ” Tu — uYH@W', b)) du’

for all u > 0, in order to complete the derivation of (40). Here B is a positive constant and
Ggl) (u) is a polynomial whose degree is at most v; — 1.
Let us first show (B.1). According to (A.2), H is written as

Hu, b)) =vbw)) + e “(FE) + DF@&)bu) + f(bw))). (B.3)

Since V, F € C*(E)’, the reminders , ]~° also belong to C?(E). Using the Taylor theorem, we
find that there exists a number 6 (0 < 6 < 1) such that

- 1 Py - - -

U;(b) = %: 2500, (0b)b by (B.4)

holds. Employing the estimation (31) for E(M), we can show that for sufficiently large B,
[9(b(u))| < Bye 2. (B.5)

A similar estimation holds true for f i.e., for some B, > 0,

| F(B(u))| < Bye 2. (B.6)

7 See footnote 2.
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If the assumption (39) holds, we can take
j<a<l. (B.7)

Furthermore, we choose « such that 2«0 £ —)\;forall/ = 1,...,n_ for later use. Combining
the condition (B.7) with (B.5) and (B.6), it follows that there is a number B3 > 0 such that

|H(u, b)) — e " F(¢")| < |v(bw))| +e " (IDF(E)bu)| + | f (b))
< Ble—2aeu+|Dﬁv(c~*)|e—(1+a)eu+Bze(—l—2a)6u < B3e—2asu

(B.8)

for all u > 0. Since the same estimation holds for every component projected onto W;, we
obtain

U —u)(HW' b)) — e F(&))]

Z et u>2<f<u—">> LD by — e FO @)

< B4 Z e)ulé(u u ) Z (G(u —u )) 720{614/. (B9)

Integrating both sides by u’ over [0, u], we obtain (B.1).
As for (B.2), we use (B.8). Then we have

|HW',b))| < |F(¢*)|e " + Bye 2% < Ce™ (B.10)
for some C > 0 because we have set & > 1/2. Then the integral is easily estimated as

o0 N KC
< ch du/ eocW e’ — = omeu (B.11)

'/ du’ Tu — u'YH(', b)) (0 + e

Thus we get (B.2).
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